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G2-METRICS ARISING FROM NON-INTEGRABLE SPECIAL
LAGRANGIAN FIBRATIONS
RYOHEI CHIHARA
Abstract. We study special Lagrangian fibrations of SU(3)-manifolds, not
necessarily torsion-free. In the case where the fiber is a unimodular Lie groupG,
we decompose such SU(3)-structures into triples of solder 1-forms, connection 1-
forms and equivariant 3×3 positive-definite symmetric matrix-valued functions
on principal G-bundles over 3-manifolds. As applications, we describe regular
parts of G2-manifolds that admit Lagrangian-type 3-dimensional group actions
by constrained dynamical systems on the spaces of the triples in the cases of
G = T3 and SO(3).
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1. Introduction
The geometry ofG2-structures on 7-manifolds is closely related to that of SU(3)-
structures on 6-manifolds. For a one-parameter family (ω(t), ψ(t)) of SU(3)-
structures on a 6-manifold X , the 3-form ω(t) ∧ dt + ψ(t) is a G2-structure on
X × (t1, t2). Here ω(t) and ψ(t) denote the 2- and 3-form on X defining an
SU(3)-structure for each t ∈ (t1, t2). Conversely, any G2-structure on Y is lo-
cally described by one-parameter families of SU(3)-structures on 6-dimensional
hypersurfaces in Y as above. This viewpoints has been studied by many authors
[BCFG15, Bry06, CS02, Hit01].
In the present paper, we study torsion-free G2-structures given in terms of one-
parameter families of SU(3)-structures on T3- or SO(3)-bundles; the fibrations
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are special Lagrangian in the sense that the 2- and 3-forms defining each SU(3)-
structure vanish along the fibers.
Let G be a connected 3-dimensional Lie group with Lie algebra g, and P the
total space of a principal G-bundle over a 3-manifold M . Denote by (ω, ψ) G-
invariant 2- and 3-forms defining a special Lagrangian SU(3)-structure on P (in the
sense above). We first prove that if G is unimodular then such an SU(3)-structure
decomposes uniquely into a triple (e, a, S) of a solder 1-form e, a connection 1-form
a and a G-equivariant 3× 3 positive-definite symmetric matrix-valued function S
on P (Theorem 3.5).
Using this decomposition, we describe locally T3- and SO(3)-invariant torsion-
free G2-structures whose definite 3-forms vanish along the fibers as orbits of con-
strained dynamical systems on the space of the triples (e, a, S). Here a definite
3-form is the 3-form defining a G2-structure on a 7-manifold. Let (ω(t), ψ(t)) be a
one-parameter family of such SU(3)-structures defined on (t1, t2), and (e(t), a(t), S(t))
the triples corresponding to (ω(t), ψ(t)). Then the 3-form ω(t)∧ (detS) 12dt+ψ(t)
is a G2-structure on P × (t1, t2). From now, we omit the symbol of summa-
tion adopting Einstein’s convention and denote by ǫijk the Levi-Civita symbol for
the permutation of {1, 2, 3}. Besides, abbreviate eˆi = 1
2
ǫijke
j ∧ ek. For a basis
{X1, X2, X3} of g, we write e = eiXi and a = aiXi. Our main results are as
follows.
In the case of T3-fibrations over M , we prove
Theorem 1.1. Let G = T3, and {X1, X2, X3} a basis of the Lie algebra t3.
The G2-structure ω(t) ∧ (detS) 12dt + ψ(t) is torsion-free if and only if the triple
(e(t), a(t), S(t)) is an orbit of the following constrained dynamical system on the
space of triples (e, a, S):
dei = 0, Ωij = Ωji, Siα,α = 0 (constraint conditions); (1.1)
∂ei
∂t
= 0,
∂ai
∂t
= −ǫiαβS˜kα,βek, ∂Sij
∂t
= −Ωij (equations of motion) (1.2)
for i, j = 1, 2, 3. Here da = Ωij eˆ
jXi, dSij = Sij,ke
k and S˜ = (detS) · S−1.
Moreover by scaling, we obtain
Theorem 1.2. Every torsion-free T3-invariant G2-structure whose definite 3-
form vanishes along the fibers is locally given by some orbit of the constrained
dynamical system in Theorem 1.1.
Remark 1.3. In [MS18], Madsen and Swann already obtained results similar to
Theorem 1.1 and 1.2. See Remark 5.9.
In the case of SO(3)-fibrations over M , we prove
Theorem 1.4. Let G = SO(3), and {Y1, Y2, Y3} a basis of the Lie algebra so(3)
satisfying [Yi, Yj] = ǫijkYk for i, j = 1, 2, 3. The G2-structure ω(t) ∧ (detS) 12dt +
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ψ(t) is torsion-free if and only if the triple (e(t), a(t), S(t)) is an orbit of the
following constrained dynamical system on the space of triples (e, a, S):
dHe = 0, Siα;α = 0 (constraint conditions); (1.3)
∂ei
∂t
= S˜ije
j,
∂S
∂t
= −tr(S˜)S + 2(detS)I − Ω (equations of motion) (1.4)
for i = 1, 2, 3. Here I = (δij), and dH denotes the covariant derivation for each
connection a(t). Also Sij;k and Ωij are defined by dHSij = Sij;ke
k and dHa =
Ωij eˆ
jYi.
Remark 1.5. The condition dHe = 0 says that the connection a is the Levi-Civita
one of the metric on M given by the local orthonormal coframe e = eiYi. Then
Ωije
i ⊗ ej coincides with the Einstein tensor.
By scaling, we obtain
Theorem 1.6. Every torsion-free SO(3)-invariant G2-structure whose definite 3-
form vanishes along the fibers is locally given by some orbit of the constrained
dynamical system in Theorem 1.4.
Remark 1.7. We can see that equations of motion preserve the constraint con-
ditions in Theorem 1.1 and 1.4. This is immediate for G = T3. See ([Chi19],
Proposition 7) for G = SO(3).
The present paper is organized as follows. In Section 2, we review definitions
and some basic results of SU(3)- and G2-structures. In Section 3, we consider
G-invariant special Lagrangian fibrations of SU(3)-manifolds and prove the de-
composition (Theorem 3.5). We apply this theorem to G-invariant G2-structures
whose definite 3-form vanishes along the fibers in Section 4. In Section 5 and 6, as
applications of the above results, we describe locally T3- and SO(3)-invariant G2-
manifolds whose definite 3-forms vanish along the fibers as orbits of constrained
dynamical systems on the spaces of the triples (Theorem 1.1, 1.2, 1.4 and 1.6).
Conventions. We omit the symbol of summation adopting Einstein’s convention,
and often abbreviate a ∧ b = ab and ci ∧ cj = cij. Also we use the Levi-Civita
symbol ǫijk and write cˆ
i = (1/2)ǫijkc
jk for a triple of 1-forms {c1, c2, c3}. Denote
by A˜ the adjugate matrix of an n × n matrix A satisfying A˜A = det (A)I. Here
I = (δij) is the identity matrix. Let G be a connected 3-dimensional Lie group
with Lie algebra g, and P → M a principal G-bundle over a 3-manifold M . An
equivariant g-valued 1-form e with respect to the adjoint action on g is called a
solder 1-form if e = eiXi satisfies e
123 6= 0 at each u ∈ P for a basis {X1, X2, X3}
of g.
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2. SU(3)- and G2-structures
In this section we review SU(3)-structures on 6-manifolds and G2-structures
on 7-manifolds, emphasizing relations between two structures. Throughout this
paper, we assume all objects are of class C∞.
2.1. SU(3)-structures. Let X be a 6-manifold, Fr(X) the frame bundle over
X , which is a principal GL(6;R)-bundle over X . We have the natural inclusion
SU(3) ⊂ GL(6;R) by the standard identification R6 ∼= C3, where zi = xi+√−1yi
for i = 1, 2, 3. A subbundle of Fr(X) is said to be an SU(3)-structure on X if
the structure group is contained in SU(3). For an SU(3)-structure on X , we
have the associated real 2-form ω and real 3-form ψ pointwisely isomorphic to
ω0 =
∑3
i=1 dx
i ∧ dyi and ψ0 = Im(dz1dz2dz3) on C3, respectively. Here Im(∗)
denotes the imaginary part of ∗. We can identify an SU(3)-structure with such
a pair (ω, ψ). Using this identification, for an SU(3)-structure (ω, ψ), we define
by ψ# the real 3-form on X corresponding to Re(dz1 ∧ dz2 ∧ dz3). Here Re(∗)
denotes the real part of ∗, and ψ# is the same as −ψˆ in [Hit01].
It is useful to compare general cases with the following basic example.
Example 2.1. Let X be R6 ∼= C3. We have
dz123 = (dx123 −
3∑
k=1
dxkd̂y
k
) +
√−1(−dy123 +
3∑
k=1
dykd̂x
k
),
where
d̂yk =
1
2
∑
i,j
ǫijkdy
idyj and d̂xk =
1
2
∑
i,j
ǫijkdx
idxj
for k = 1, 2, 3. Thus the forms ω0, ψ0 and ψ
#
0 associated with the standard SU(3)-
structure on R6 are expressed as follows.
ω0 =
3∑
k=1
dxkdyk,
ψ0 = Im(dz
1dz2dz3) = −dy123 +
3∑
k=1
dykd̂x
k
,
ψ#0 = Re(dz
1dz2dz3) = dx123 −
3∑
k=1
dxkd̂y
k
.
Many authors (including [Bry06, Cal58, CS02, Gra70]) studied SU(3)-structures
satisfying some integrability conditions. In particular, the following conditions are
important.
Definition 2.2. Let (ω, ψ) be an SU(3)-structure on X .
(1) (ω, ψ) is said to be half-flat if d (ω ∧ ω) = 0 and dψ = 0.
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(2) (ω, ψ) is said to be torsion-free if dω = 0 and dψ = dψ# = 0.
Remark 2.3. In general, a G-structure F on an n-manifold N is said to be
torsion-free if the tautological 1-form θ ∈ Ω1(F ;Rn) satisfies dHθ := dθ+a∧θ = 0
for some connection 1-form a ∈ Ω1(F ; Lie(G)) ⊂ Ω1(F ; gl(n;R)). The torsion-free
condition in Definition 2.2 is known to be equivalent to this general definition of
the torsion-free condition for G = SU(3).
By Remark 2.3 and the Ambrose-Singer theorem, we see that an SU(3)-structure
(ω, ψ) is torsion-free if and only if the associated metric h(ω,ψ) has the holonomy
group contained in SU(3). Moreover, If an SU(3)-structure is torsion-free, then
the associated metric on X is Ricci-flat. A Riemannian metric h on X is said to
be holonomy SU(3) if the holonomy group coincides with SU(3).
2.2. G2-structures. Let Y be a 7-manifold, Fr(Y ) the frame bundle over Y ,
which is a principal GL(7;R)-bundle over Y . Let us define G2-structures on Y as
in the above subsection. The Lie group G2 is defined as the linear automorphism
group of the standard definite 3-form φ0 (presented in Example 2.4) on R
7. It is
known that this group coincides with the linear automorphism group of the cross
product structure on ImO, where ImO denotes the 7-dimensional imaginary part
of the octonion algebra O. A subbundle of Fr(Y ) is said to be a G2-structure on
Y if the structure group is contained in G2. For a G2-structure on Y , we have
the associated real 3-form φ on Y pointwisely isomorphic to φ0 on R
7. Such a
3-form is called a definite 3-form. Then we identify the definite 3-form φ with a
G2-structure on Y as in the above subsection. Since G2 ⊂ SO(7), we have the
Riemannian metric gφ and orientation associated with a G2-structure φ on Y .
Besides, we denote by ⋆φ the Hodge star associated with φ, and simply write ⋆ in
situations without confusion.
The following example is the model of G2-structures as in Example 2.1.
Example 2.4. Let Y = R7. Denote the standard coordinate by (x0, x1, y1, x2, y2, x3, y3)
and fix the orientation by dx0dx1dy1dx2dy2dx3dy3. The standard 3-form is
φ0 = − dy123 + dy1(dx01 + dx23) + dy2(dx02 + dx31) + dy3(dx03 + dx12),
= ω0 ∧ dx0 + ψ0.
Also we have
⋆φ0φ0 = dx
0123 − dy23(dx01 + dx23)− dy31(dx02 + dx31)− dy12(dx03 + dx12)
= − ψ#0 ∧ dx0 +
1
2
ω0 ∧ ω0.
Here (ω0, ψ0) is the SU(3)-structure on R
6 in Example 2.1.
G2-structures satisfying some integrability conditions are studied many authors,
including [Bry05, CS02, FKMS97].
Definition 2.5. Let φ be a G2-structure on Y .
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(1) φ is said to be closed if dφ = 0.
(2) φ is said to be coclosed if d ⋆φ φ = 0.
(3) φ is said to be torsion-free if dφ = 0 and d(⋆gφφ) = 0.
A G2-structure φ is torsion-free if and only if the associated Riemannian metric
gφ has the holonomy group contained in G2. If a G2-structure is torsion-free then
the associated metric on Y is Ricci-flat. A 7-manifold Y with a torsion-free G2-
structure φ is called a G2-manifold, and a Riemannian metric g on Y is called
holonomy G2 if the holonomy group coincides with G2.
It is useful the following lemma for a normal form of a G2-structure at a point
y ∈ Y . Let φ be a G2-structure on Y , and {V1, V2, V3} orthonormal tangent
vectors at y ∈ Y . Also denote by {V 1, V 2, V 3} the dual cotangent vectors with
respect to the metric gφ, i.e., V
i(∗) = gφ(Vi, ∗) for i = 1, 2, 3. Let φy and ⋆φφy
denote 3- and 4-forms at y ∈ Y , respectively.
Lemma 2.6. Suppose φ(V1, V2, V3) = 0 at y ∈ Y . Defining cotangent vectors
Z = −(⋆φφ)(V1, V2, V3, ∗) and Ei = 1
2
∑
j,k
ǫijkι(Vk) (ι(Vj)φ)
for i = 1, 2, 3, we have
φy =
∑
k
V kEk ∧ Z − (E123 −
∑
k
EkVˆ k),
⋆φ φy = −(V 123 −
∑
k
V kEˆk) ∧ Z −
∑
k
Vˆ kEˆk.
Proof. We can directly check this for V1 =
∂
∂x1
, V2 =
∂
∂x2
and V3 =
∂
∂x3
in
the case of φ0 in Example 2.4. This suffices to prove Lemma 2.6 since it is
known that the Lie group G2 acts transitively (and faithfully) on the set of triple
vectors {(v1, v2, v3)} of R7 satisfying φ0(v1, v2, v3) = 0 ([HL82], p. 115, Proposition
1.10). 
2.3. Relations between SU(3)-structures and G2-structures. G2-structures
are related to SU(3)-structures as stated below (See [Bry10, Hit01] for more de-
tails). These propositions can be proved by direct calculation. Let X be a 6-
manifold, and consider a one-parameter family (ω(t), ψ(t)) of SU(3)-structures on
X defined on an interval (t1, t2).
Proposition 2.7. The 3-form φ = ω(t)∧ dt+ψ(t) on the 7-manifold X × (t1, t2)
is a G2-structure. Also the Hodge dual is ⋆φφ = −ψ(t)# ∧ dt+ 12ω(t) ∧ ω(t).
Let φ be the G2-structure on X × (t1, t2) in Proposition 2.7. The torsion-free
condition for φ is interpreted as the following constrained dynamical system on
the space of SU(3)-structures on X .
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Proposition 2.8. The G2-structure φ is torsion-free if and only if (ω(t), ψ(t))
satisfies the following four equations at every t ∈ (t1, t2):
(1) constraint conditions
d (ω ∧ ω) = 0 and dψ = 0;
(2) equations of motion
∂ψ
∂t
= dω and
∂
∂t
(
1
2
ω ∧ ω
)
= dψ#.
Remark 2.9. It is clear that solutions of the equations of motion preserve the
half-flat conditions (constraint conditions).
3. G-invariant non-integrable special Lagrangian fibrations
Let G be a connected 3-dimensional Lie group with Lie algebra g, and P
the total space of a principal G-bundle π : P → M over a 3-manifold M . In
this section we introduce our main objects, G-invariant non-integrable special
Lagrangian fibered SU(3)-structures on P . Next, we present examples of such
SU(3)-structures. Finally, we prove that if G is unimodular then every such
SU(3)-structure is uniquely constructed by a triple (e, a, S) of a solder 1-form e,
a connection 1-form a and an equivariant Sym+(3;R)-valued function S on P .
Here denote by Sym(3;R) and Sym+(3;R) the spaces of 3 × 3 symmetric and
positive-definite symmetric matrices.
3.1. Definition. Let us start with the definition.
Definition 3.1. An SU(3)-structure (ω, ψ) on P is said to be a G-invariant non-
integrable special Lagrangian fibered SU(3)-structure if it satisfies:
(1) ω and ψ are invariant for the right action of G on P ;
(2) the restrictions of ω and ψ to the fibers Fm ⊂ P vanish: ω|Fm = 0 and
ψ|Fm = 0 for every m ∈ M .
Hereafter, we simply refer to such SU(3)-structures as G-invariant sLag SU(3)-
structures.
Next we present some examples. Let V be a vector space with a representation
ρ : G → GL(V ). Then denote by Ωp(P ;V )G and Ωp(P ;V )Ghor the space of G-
equivariant V -valued p-forms and horizontal p-forms on P .
Example 3.2. Let G = T3. Fix a basis {X1, X2, X3} of t3. By this basis, t3 ∼= R3
and Ad(g) = I ∈ GL(3;R) for every g ∈ T3. Let T3 act on Sym+(3;R) trivially.
Given a triple (e, a, S) of a solder 1-form e = ekXk ∈ Ω1(P ; t3)T3hor, a connection
1-form a = akXk ∈ Ω1(P ; t3)T3 and an equivariant Sym+(3;R)-valued function
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S = (Sij) ∈ Ω0(P ; Sym+(3;R))T3, we can see the following 2-form ω and 3-form
ψ
ω = (detS)−
1
2
∑
i,j
S˜ija
iej , (3.1)
ψ = −(detS)e123 +
∑
k
ekaˆk (3.2)
is a T3-invariant sLag SU(3)-structure on P . Here, by definition, Ω1(P ; t3)T
3
hor =
Ω1(M ;R3) and
Ω0(P ; Sym+(3;R))T
3
= Ω0(M ; Sym+(3;R)).
We can generalize this examples as follows.
Example 3.3. Let G be unimodular. A Lie group G is called unimodular if
det (Ad(g)) = ±1 for every g ∈ G. Fix a basis {X1, X2, X3} of g. By this basis,
g ∼= R3 and Ad(g) ∈ GL(3;R). Let G act on Sym+(3;R) by g·S = Ad(g)·S ·tAd(g)
for g ∈ G and S ∈ Sym+(3;R), where tAd(g) is the transverse matrix of Ad(g).
Given a triple (e, a, S) of a solder 1-form e = ekXk ∈ Ω1(P ; g)Ghor, a connection
1-form a = akXk ∈ Ω1(P ; g)G and an equivariant Sym+(3;R)-valued function
S = (Sij) ∈ Ω0(P ; Sym+(3;R))G, we can see that, in the same way as Example
3.2, the 2-form ω and 3-form ψ defined by (3.1) and (3.2) is a G-invariant sLag
SU(3)-structure on P . See also the proof of Theorem 3.5.
3.2. Decomposition. Next let us start with a G-invariant sLag SU(3)-structure
(ω, ψ) on P and decompose it into a triple (e, a, S). Fix a basis {X1, X2, X3} of g
and denote by A∗ the infinitesimal vector field on P for A ∈ g.
First, since the Riemannian metric h(ω,ψ) associated with (ω, ψ) is invariant for
the right action of G on P , we have a connection 1-form a = akXk ∈ Ω1(P ; g)G
by the orthogonal decomposition of the tangent bundle TP .
Second, we define 1-forms ek ∈ Ω1(P ;R) by
ek =
1
2
∑
i,j
ǫijkι(X
∗
j ) (ι(X
∗
i )ψ)
for k = 1, 2, 3. Finally, we obtain a Sym+(3;R)-valued function S on P by the
following.
Proposition 3.4. There exists uniquely a Sym+(3;R)-valued function S on P
such that
ω = (detS)−
1
2
∑
i,j
S˜ija
iej ,
ψ = −(det S)e123 +
∑
k
ekaˆk.
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Proof. Let U be an open neighborhood of any point m ∈ M such that π−1(U) ∼=
U×G. Denote by TF the fiberwise tangent bundle ker (dπ) on P . Let us consider
the restriction TF |pi−1(U) of TF to π−1(U) ⊂ P . Since π−1(U) is trivial as a
principalG-bundle over U , we haveG-invariant vector fields {V1, V2, V3} on π−1(U)
that are orthonormal with respect to the metric h(ω,ψ) and contained in TF |pi−1(U).
Using this vector fields and the infinitesimal vector fields {X∗1 , X∗2 , X∗3}, we define
a GL(3;R)-valued function Q = (Qij) on π
−1(U) by
(Vk)u =
∑
j
Qjk(X
∗
j )u
for k = 1, 2, 3, and at each point u ∈ π−1(U). Further, put Q−1 = (Qij) and define
the dual 1-forms {V 1, V 2, V 3} by V i(∗) = h(Vi, ∗). In this notation, we have
V k =
∑
j
Qkjaj (3.3)
for k = 1, 2, 3.
In what follows, we use the following identities for the cofactor matrix Q˜ = (Q˜ij)
of Q. These identities hold for general regular 3× 3 matrices.
Q˜ij =
1
2
∑
k,l,α,β
ǫiαβǫjklQkαQlβ ,
Q˜ = detQ ·Q−1, det Q˜ = detQ2.
In order to apply Lemma 2.6 for normal forms, let us consider the 3-form
φ = ω ∧ dt + ψ on P × R. The 3-form φ is a G2-structure by Proposition 2.7.
Since the orthonormal vector fields {V1, V2, V3} satisfy φ(V1, V2, V3) = 0, we can
apply Lemma 2.6 to φ. Using the same notation Ek and Z in Lemma 2.6 and the
above identities for the cofactor matrix Q˜, we have
Ek =
1
2
∑
i,j
ǫijkι(Vj) (ι(Vi)φ) =
1
2
∑
i,j
ǫijkι(Vj) (ι(Vi)ψ) (3.4)
=
∑
j
Q˜kje
j ,
Eˆk = detQ ·
∑
j
Qjkeˆ
j , Vˆ k =
∑
j
Q˜jkeˆj (3.5)
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for k = 1, 2, 3, where Q˜−1 = (Q˜ij). Moreover, by (3.3), (3.4) and (3.5), we have∑
k
V kEk = detQ · (tQ−1Q−1)ijaiej ,
− E123 +
∑
k
V kEˆk = − detQ2e123 +
∑
k
ekaˆk,
V 123 −
∑
k
V kEˆk = detQ−1a123 − detQ
∑
k
akeˆk,
Z = dt.
Define S by Q ·t Q, where tQ is the transverse matrix of Q. Then, by these
identities, we have consequently
ω = (detS)−
1
2
∑
i,j
S˜ija
iej ,
ψ = −(det S)e123 +
∑
k
ekaˆk.
Thus the function S is our goal. Further by the definition of S, we can see that
S is independent of the choice of the orthonormal vector fields {V1, V2, V3}. 
By Example 3.3 and Proposition 3.4, we obtain
Theorem 3.5. Let G be unimodular. Then there exists a one-to-one correspon-
dence between G-invariant sLag SU(3)-structures and triples (e, a, S) in Example
3.3.
Proof. Let (ω, ψ) be a G-invariant sLag SU(3)-structure on P and (e, a, S) the
triple corresponding to (ω, ψ) in Proposition 3.4. Then by the constructions, we
have the following:
R∗ga
i = gijaj, R∗ge
i = |Ad(g)|gijej ,
R∗gaˆ
i = |Ad(g)|−1gjiaˆj , R∗g eˆi = |Ad(g)|gjieˆj ,
R∗gS = Ad(g)
−1S(tAd(g)−1), R∗g(detS) = |Ad(g)|−2 detS,
R∗gS˜ = |Ad(g)|−2(tAd(g))S˜Ad(g)
for i = 1, 2, 3 and for every g ∈ G, where Rg : P → P denotes the right action
of g and Ad(g) = (gij) is the representation of the adjoint action on g by the
fixed basis {X1, X2, X3}. Further |Ad(g)| denotes the determinant. By this, if G
is unimodular, then the triple (e, a, S) is a triple satisfying conditions in Example
3.3. Moreover the converse is straightforward by the above identities. 
In summary, in the cases where G is unimodular, a G-invariant sLag SU(3)-
structure (ω, ψ) on P uniquely corresponds to a triple ({ek}, {ak}, S) of a solder
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1-form e, a connection 1-form a and an equivariant Sym+(3;R)-valued function S
on P such that
ω = (detS)−
1
2
∑
i,j
S˜ija
iej , (3.6)
ψ = −(det S)e123 +
∑
k
ekaˆk. (3.7)
Moreover, by the proof of Proposition 3.4, we have
ψ# = (detS)−
1
2a123 − (detS) 12
∑
k
akeˆk, (3.8)
1
2
ω ∧ ω = −
∑
i,j
Sij aˆ
ieˆj . (3.9)
Then the following 1-forms∑
j
Qijaj and det(Q)
∑
j
Qijej for i = 1, 2, 3
are an orthonormal coframe with respect to the metric h(ω,ψ) associated with
(ω, ψ) on P . Here S = Q · tQ and Q−1 = (Qij) as above.
4. Reduction of G-invariant G2-manifolds
In this section, we prove a generalization of results in Section 3 to a class of
G-invariant G2-structures. Let G be a 3-dimensional Lie group with Lie algebra g,
andQ→ N a principal G-bundle over a 4-manifoldN . Let us define G2-structures
that we consider.
Definition 4.1. A G2-structure φ on Q is said to be a G-invariant Lagrangian-
type fibered G2-structure if it satisfies
(1) φ is invariant for the right action of G on Q,
(2) the restriction of φ to the fiber Fn vanishes: φ|Fn = 0 for all n ∈ N .
In what follows, we refer to suchG2-structures asG-invariant Lag G2-structures.
The following example is typical.
Example 4.2. Let P → M be a principal G-bundle over a 3-manifold M , and
(ω(t), ψ(t)) a one-parameter family of G-invariant sLag SU(3)-structures on P
defined on an interval (t1, t2). Generally, if f(u, t) is any G-invariant positive
function on P × (t1, t2), then the 3-form ω(t)∧dt+ψ(t) defines a G-invariant Lag
G2-structure.
Let φ be a G-invariant LagG2-structure onQ→ N , and fix a basis {X1, X2, X2}
of g. The following is a generalization of Theorem 3.5 to such G2-structures.
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Proposition 4.3. Suppose G is unimodular and the 1-form ι(X∗3 )(ι(X
∗
2 )(ι(X
∗
1 ) ⋆
φ)) is closed. Then, for each n ∈ N , there exists a triple of a 3-dimensional
submanifold (n ∈)D of N , a one-parameter family of G-invariant sLag SU(3)-
structures on π−1(D) and a G-invariant function f(u, t) on π−1(D)× (t1, t2) such
that φ is isomorphic to ω(t) ∧ fdt + ψ(t) on some neighborhood of π−1(D) in Q,
where (t1, t2) denotes an interval on which the one-parameter family is defined.
Proof. By assumption, there exist a neighborhood U ⊂ N of n and G-invariant
real-valued function µ on π−1(U) such that µ(q) = 0 for any q ∈ π−1(n) and
dµ = −ι(X∗3 )(ι(X∗2 )(ι(X∗1 ) ⋆ φ)) on π−1(U). Take a submanifold (n ∈)D of N
such that π−1(D) ⊂ µ−1(0). Denote by v the vector field grad(µ)/|grad(µ)|2
on π−1(U). Using the integral curve of v, define the local diffeomorphism Φ :
π−1(D)× (−ǫ, ǫ)→ π−1(U), where ǫ is some positive number. Then putting
ω(t) = Φ(∗, t)∗ι(|grad(µ)|v)(φ),
ψ(t) = Φ(∗, t)∗(φ),
f(u, t) =
1
|grad(µ)|
for each fixed t ∈ (−ǫ, ǫ), we have Φ∗φ = ω(t)∧fdt+ψ(t) on π−1(D)×(−ǫ, ǫ). 
Remark 4.4. Thus any G-invariant Lag G2-structure satisfying the assump-
tion in Proposition 4.3 is locally isomorphic to ω(t) ∧ fdt + ψ(t) for some one-
parameter family of G-invariant sLag SU(3)-structures. More strongly, we can
prove that every coclosed G-invariant Lag G2-structure is locally isomorphic to
ω(t) ∧ (detS(t)) 12dt+ ψ(t), where (e(t), a(t), S(t)) is the one-parameter family of
the triples corresponding to some (ω(t), ψ(t)) in cases of G = T3 and SO(3). See
the proof of Proposition 5.5 and 6.8.
Remark 4.5. As pointed out in [Gol01], the following properties hold. Let G
be unimodular and fix a basis {X1, X2, X3} of g. In general, let Y be a smooth
7-manifold with an invariant G2-structure φ admitting a smooth action of G.
(1) If φ is closed, then the function φ(X∗1 , X
∗
2 , X
∗
3 ) is constant.
(2) If φ is coclosed, then the 1-form ι(X∗3 )(ι(X
∗
2 )(ι(X
∗
1 ) ⋆ φ)) is closed.
The former follows from the following equation
d(φ(X∗1 , X
∗
2 , X
∗
3 )) = φ([X
∗
1 , X
∗
2 ], X
∗
3 , ∗) + φ([X∗2 , X∗3 ], X∗1 , ∗) + φ([X∗3 , X∗1 ], X∗2 , ∗)
− (dφ)(X∗1 , X∗2 , X∗3 , ∗).
The latter is also proved in the same way. Thus if the invariant G2-structure φ
is torsion-free and the action has both of irregular and regular parts, then φ is a
G-invariant Lag G2-structure on regular parts of Y .
Remark 4.6. Let Y be a 7-manifold with a G2-structure φ. 3-dimensional sub-
manifolds L in Y satisfying the condition φ|L = 0 in Definition 4.1 are studied
in [GS15]. The authors characterized the infinitesimal deformation space of the
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Lagrangian-type submanifolds in Y . These submanifolds are called maximally
⋆φ-like submanifolds in ([HL82], II.6.).
5. Local structure of T3-invariant G2-manifolds
5.1. Torsion of SU(3)-structures in the case of G = T3. In this subsection,
we first calculate the torsion of T3-invariant sLag SU(3)-structures on the total
space of a principal T3-bundle π : P → M over a 3-manifold M . Next we prove
some corollaries that follow from the derived expressions.
Let G = T3, and P the total space of a principal T3-bundle over a 3-manifold
M . Fix a basis {X1, X2, X3} of t3. Then as we have seen in Section 3, T3-invariant
sLag SU(3)-structures (ω, ψ) on P uniquely correspond to triples (e, a, S) of solder
1-forms e = ekXk ∈ Ω1(M ; t3), connection 1-forms a = akXk ∈ Ω1(P ; t3)T3 and
Sym+(3;R)-valued functions S = (Sij) ∈ Ω0(M ; Sym+(3;R)). This correspon-
dence satisfies (3.6) and (3.7).
Let (ω, ψ) be a T3-invariant sLag SU(3)-structure on P , which has the triple
(e, a, S) corresponding to (ω, ψ). Denote by T = {Tij} and Ω = {Ωij} the torsion
and curvature forms of (e, a): dei = Tij eˆ
j and dai = Ωij eˆ
j for i = 1, 2, 3. Also for
a matrix-valued function A ∈ Ω0(M ;M(k;R)), denote the derivatives by dAij =
Aij,ke
k. Then, by a simple calculation, we have the following:
deˆi = ǫiαβTαβe
123, daˆi = ǫiαβΩαγ eˆ
γaβ (5.1)
for i = 1, 2, 3. By (3.6)–(3.9) and (5.1), we obtain the following expressions for
the torsion of (ω, ψ) in terms of (e, a, S). The proof is straightforward calculation
of differential forms.
Proposition 5.1. Let (e, a, S) be the triple corresponding to (ω, ψ). Then we
have
dω =
(
ǫjαβ((detS)
−
1
2 S˜)iα,β − (detS)− 12 S˜iαTαj
)
aieˆj + (detS)−
1
2 S˜ijΩije
123,
d
(
1
2
ω ∧ ω
)
= − (Siα,α + ǫαβγSiαTβγ) aˆie123,
dψ = Tijaˆ
ieˆj − ǫiαβΩαβaie123,
dψ# = d
(
(detS)−
1
2
)
a123 + detS−
1
2Ωij aˆ
ieˆj
− d
(
(detS)
1
2
)
akeˆk + detS
1
2 ǫiαβTαβa
ie123.
We have the following corollaries to Proposition 5.1.
Corollary 5.2. Let (e, a, S) be the triple corresponding to (ω, ψ).
(1) The SU(3)-structure (ω, ψ) is half-flat if and only if
Tij = 0, Ωij = Ωji, Sik,k = 0 for i, j = 1, 2, 3.
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(2) Suppose (ω, ψ) is half-flat. Then dω = 0 if and only if
ǫiαβ((detS)
−
1
2 S˜)jα,β = 0, S˜αβΩαβ = 0 for i, j = 1, 2, 3.
(3) Suppose (ω, ψ) is half-flat. Then dψ# = 0 if and only if
d (detS) = 0, Ωij = 0 for i, j = 1, 2, 3.
(4) The SU(3)-structure (ω, ψ) is torsion-free if and only if
Tij = Ωij = 0, ǫiαβS˜jα.β = 0, d (detS) = 0 for i, j = 1, 2, 3.
The following corollary is consistent with the well-known fact that a T3-invariant
Calabi-Yau 3-fold whose orbits are special Lagrangian submanifolds is locally con-
structed by a solution of the real Monge-Ampe´re equation on a domain of R3.
Corollary 5.3. Let (ω, ψ) be torsion-free, and (e, a, S) the triple correspond-
ing to (ω, ψ). Then, for each m ∈ M , there exists a coordinate neighborhood
(U ; x1, x2, x3) of M , a trivialization F : π−1(U) → U × T 3 and a function
ρ ∈ C∞(U ;R) such that
a|pi−1(U) = F ∗(g−1dg), ei|U = dxi, (5.2)
S˜ij|U = ∂
2ρ
∂xi∂xj
, det
(
∂2ρ
∂xi∂xj
)
= const. (5.3)
for i, j = 1, 2, 3, where g−1dg is the natural left-invariant 1-form on T3.
This corollary is proved by combining the fourth in Corollary 5.2 and Poincare´’s
lemma.
Lemma 5.4. Let U be a contractible domain of R3 and (hij) ∈ Ω0(U ; Sym(3;R)).
Suppose that ǫiαβ
∂hjα
∂xβ
= 0 for i, j = 1, 2, 3. Then there exists a function f ∈
Ω0(U ;R) such that hij =
∂2f
∂xi∂xj
for i, j = 1, 2, 3.
Proof of Lemma 5.4. Let us take 1-forms fi = hijdx
j for i = 1, 2, 3. Then, by
assumption, the 1-forms are closed. Thus, by Poincare´’s lemma, there exist func-
tions ϕi ∈ Ω0(U ;R) such that fi = ∂ϕi
∂xj
dxj for i = 1, 2, 3. Since the matrix
(hij) = (
∂ϕi
∂xj
) is symmetric, we have d(ϕidx
i) = 0. Hence, using Poincare´’s lemma
again, we obtain a function f ∈ Ω0(U ;R) such that hij = ∂
2f
∂xi∂xj
for i, j = 1, 2, 3.
The function f is our goal. 
Proof of Corollary 5.3. The existence of (e, a, F ) satisfying (5.2) is deduced form
the fourth in Corollary 5.2. A function ρ satisfying (5.3) is constructed by com-
bining the fourth in Corollary 5.2 and Lemma 5.4. 
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In [Bar10], Baraglia established a generalization of the Monge-Ampe´re equation
to T4-invariant G2-manifolds whose orbits are coassociative submanifolds. In
the sequel, we study generalizations of Corollary 5.3 to T3- and SO(3)-invariant
Lagrangian-type fibered G2-manifolds.
5.2. Local structure of T3-invariant G2-manifolds. In this subsection, we
prove that all torsion-free T3-invariant Lag G2-structures are locally described by
orbits of constrained dynamical systems on the spaces of the triples (e, a, S).
In Section 4, we proved that every coclosed T3-invariant Lag G2-structure was
locally isomorphic to ω(t) ∧ f(t)dt + ψ(t) on P × (t1, t2), where (ω(t), ψ(t), f(t))
was some one-parameter family of T3-invariant sLag SU(3)-structures (ω, ψ) and
T3-invariant positive functions f on some P , defined on some interval (t1, t2).
Let (e(t), a(t), S(t), f(t)) be a one-parameter family defined on an interval
(t1, t2) of the triples corresponding to (ω, ψ) and T
3-invariant positive functions
f on P . we use the notation in Subsection 5.1.
Proposition 5.5. The G2-structure ω(t)∧f(t)dt+ψ(t) is torsion-free if and only
if the quadruplet (e(t), a(t), S(t), f(t)) satisfies the following equations:
dei = 0, Ωij = Ωji, Siα,α = 0, d(f(detS)
−
1
2 ) = 0;
∂ei
∂t
= 0,
∂ai
∂t
= −f(detS)− 12 ǫiαβS˜kα,βek, ∂Sij
∂t
= −f detS− 12Ωij
for i, j = 1, 2, 3 and for every t ∈ (t1, t2).
In the proof of Proposition 5.5, we use the following lemmas. Let A be an n×n
matrix-valued function defined on an interval and A˜ the cofactor matrix of A,
which is (detA)A−1 when A is regular. The proof of Lemma 5.6 is straightforward.
Lemma 5.6. If we have
∂A
∂t
= B, then
∂(detA)
∂t
= tr(A˜B). In particular, if we
have
∂S
∂t
= −f(detS)− 12Ω, then ∂(det S)
∂t
= −f(detS)− 12 tr(S˜Ω).
Let S = (Sij) ∈ Ω0(M ; Sym+(3;R)). Define C = (Cij) and D = (Dij) by
Cij = ǫiαβ((detS)
−
1
2 S˜jα),β and Dij = ǫαijSαβ,β.
Lemma 5.7. We have
CS − SC = (detS)− 12SDS.
In particular, CS − SC = 0 holds if Siα,α = 0 for i = 1, 2, 3.
Proof. Take a basis {Y1, Y2, Y3} of so(3) satisfying [Yi, Yj] = ǫkijYk for i, j = 1, 2, 3
and set b = (detS)−
1
2 S˜ije
jYi. Without loss of generality, we can assume de = 0.
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Then we have
[b ∧ b] = [(detS)− 12 S˜αβeβYα ∧ (detS)− 12 S˜γδeδYγ]
= (detS)−1ǫjβδǫiαγS˜αβS˜γδ eˆ
jYi
= 2Sjieˆ
jYi.
Here we use Q˜ij =
1
2
∑
k,l,α,β ǫiαβǫjklQkαQlβ for any 3× 3 matrix Q. Thus
1
2
d[b ∧ b] = Siα,αe123Yi. (5.4)
On the other hand, we have
1
2
d[b ∧ b] = [db ∧ b] (5.5)
= [((detS)−
1
2 S˜αβ),ke
kβYα ∧ (detS)− 12 S˜γδeδYγ ]
= [ǫjkβ((detS)
−
1
2 S˜αβ),keˆ
jYα ∧ (detS)− 12 S˜γδeδYγ]
= ǫiαγǫjkβ(detS)
−
1
2 S˜γj((detS)
−
1
2 S˜αβ),ke
123Yi
= ǫiαβ(det S)
−
1
2 S˜αγCγβe
123Yi.
By (5.4) and (5.5), we get ǫiαβ(detS)
−
1
2 S˜αγCγβ = Siα,α for i = 1, 2, 3, implying
(detS)−
1
2 (S˜C − CS˜) = D. Hence (det S) 12 (CS − SC) = SDS. 
Proof of Proposition 5.5. Denote by σ˙ the derivative
∂σ
∂t
of a differential form σ
and set e˙i = pij eˆ
j and a˙i = qij eˆ
j for i = 1, 2, 3.
First the G2-structure ω(t)f(t)dt + ψ(t) is torsion-free if and only if the one-
parameter family (ω(t), ψ(t), f(t)) satisfies the half-flat condition,
∂ψ
∂t
= d(fω)
and
∂
∂t
(
1
2
ω ∧ ω
)
= d(fψ#) for each t as in Proposition 2.8.
Let us rewrite the conditions in terms of the one-parameter family (e(t), a(t), S(t), f(t))
corresponding to (ω(t), ψ(t), f(t)). By Corollary 5.2, the half-flat condition is
equivalent to the following:
dei = 0, Ωij = Ωji and Siα,α = 0 (5.6)
for i, j = 1, 2, 3. By (3.7), we have
∂ψ
∂t
=
∂
∂t
(−(det S)e123 + eiaˆi) (5.7)
= − ∂
∂t
(detS)e123 − (detS)e˙ieˆi + ǫkαiǫkβjqαβaieˆj + aˆie˙i
= − (∂(detS)
∂t
+ (detS)pαα)e
123 + (δijqαα − qji)aieˆj + pijaˆiej .
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Here we use
∂
∂t
(e123) = e˙keˆk,
∂aˆi
∂t
= ǫiαβ a˙
αaβ and ǫkαiǫkβjqαβ = δijqαα − qji
for i, j = 1, 2, 3. By (3.6), we have
∂
∂t
(
1
2
ω ∧ ω
)
=
∂
∂t
(−Sij aˆieˆj) (5.8)
= − ǫiαβqαγSγβaie123 − ∂Sij
∂t
aˆieˆj − Sij aˆiǫjαβ e˙αeβ
= − ǫiαβqαγSαβaie123 + (Siαpjα − Sijpαα − ∂Sij
∂t
)aˆieˆj .
Here we use −ǫγαβǫjδβSiγpαδ = Siαpjα − Sijpαα for i, j = 1.2.3. Moreover, by
Proposition 5.1 we have
d(fω) = d(f(detS)−
1
2 S˜ija
iej) (5.9)
= f(detS)−
1
2 S˜αβΩαβe
123
+
(
ǫjαβ(f(detS)
−
1
2 S˜iα),β − f(detS)− 12 S˜iαTαj
)
aieˆj,
d(fψ#) = d(f(detS)−
1
2a123 − f(detS) 12akeˆk) (5.10)
=
(
(f(detS)
1
2 ),i + f(detS)
1
2 ǫiαβTαβ
)
aie123
+ f(detS)−
1
2Ωij aˆ
ieˆj − (f(detS)− 12 ),ia123ei.
By (5.7) and (5.9),
∂ψ
∂t
= d(fω) is equivalent to the following:
∂(det S)
∂t
= −f(det S)− 12 S˜αβΩαβ , ∂e
i
∂t
= pikeˆ
k = 0, (5.11)
δijqαα − qji = ǫjαβ(f(detS)− 12 S˜iα),β − f(detS)− 12 S˜iαTαj (5.12)
for i, j = 1, 2, 3. Assuming T = 0 combined with S = tS, (5.12) is equivalent to
qij = −ǫiαβ(f(detS)− 12 S˜jα),β (5.13)
= −ǫiαβf,β(detS)− 12 S˜jα − fCij
for i, j = 1, 2, 3, where we use the notation of Lemma 5.7. By (5.8) and (5.10),
∂
∂t
(
1
2
ω ∧ ω
)
= d(fψ#) is equivalent to the following:
− ǫiαβqαγSγβ = (f(detS) 12 ),i + f(detS) 12 ǫiαβTαβ , (5.14)
Siαpjα − Sijpαα − ∂Sij
∂t
= f(detS)−
1
2Ωij , (5.15)
(f(detS)−
1
2 ),i = 0 (5.16)
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for i, j = 1, 2, 3. Thus, using Lemma 5.6 and 5.7 and summarizing (5.6), (5.11),
(5.12) and (5.14)–(5.16), we obtain the conditions in Proposition 5.5. 
Now we can immediately prove Theorem 1.1 and 1.2.
Proof of Theorem 1.1 and 1.2. By setting f = (detS)
1
2 in Proposition 5.5, we
obtain Theorem 1.1. Moreover, by scaling of the parameter t, we can deduce
Theorem 1.2 from Proposition 4.3 and 5.5. 
Remark 5.8. We can easily check that the the solutions of (1.2) preserve the
conditions (1.1) in Theorem 1.1. For example, we have
∂Siα,α
∂t
=
(
∂Siα
∂t
)
,α
= −Ωiα,α = 0.
Remark 5.9. Theorem 1.1 is essentially equivalent to Theorem 3.5 of [MS18].
Their equations of torsion-free conditions for toric G2-manifolds ([MS18], 3.10)
is deduced from (1.2) as follows. This step reminds us of the derivation of the
equations of electromagnetic wave from Maxwell’s equations. We have
∂Ωij
∂t
= ǫiαβǫjγδ
∂2S˜αγ
∂xβxδ
(5.17)
since
∂dai
∂t
= d
(
∂ai
∂t
)
for i = 1, 2, 3. Thus, by (1.2) and (5.17), we have
∂2Sij
∂t2
= −ǫiαβǫjγδ ∂
2S˜αγ
∂xβxδ
for i, j = 1, 2, 3. This is the same as the second-order partial differential equation
([MS18], 3.10). Moreover explicit examples are presented in the paper.
6. The case of SO(3)-fibrations
In this section, we study the case of SO(3)-fibrations. Most calculations are
similar to the case of T3-fibrations, but in this case we need to use covariant
derivation.
Let G = SO(3), and P → M a principal SO(3)-bundle over a 3-manifold M .
Fix a basis {Y1, Y2, Y3} of so(3) satisfying [Yi, Yj] = ǫαijYα for i, j = 1, 2, 3.
6.1. Torsion of SU(3)-structures in the case of G = SO(3). As have seen
in section 3, every SO(3)-invariant sLag SU(3)-structure (ω, ψ) on P uniquely
decomposes into a triple (e, a, S) of a solder 1-form e = eiYi ∈ Ω1(P ; so(3))SO(3)hor ,
a connection 1-form a = aiYi ∈ Ω1(P ; so(3))SO(3) and an equivariant Sym+(3;R)-
valued function S = (Sij) ∈ Ω0(P ; Sym+(3;R))SO(3).
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Remark 6.1. Note that if there exists an SO(3)-invariant sLag SU(3)-structure
then P is a trivial SO(3)-bundle over M . This is because P is isomorphic to
the orthonormal frame bundle over M by the solder 1-form e, and any orientable
3-manifolds are parallelizable.
Let (ω, ψ) be an SO(3)-invariant SU(3)-structure on P , and (e, a, S) the triple
corresponding to (ω, ψ). Denote by T = (Tij) and Ω = (Ωij) the torsion and curva-
ture forms of (e, a): dHe = de+[a∧e] = Tij eˆjYi and dHa = da+1
2
[a∧a] = Ωij eˆjYi.
Also for an equivariant matrix-valued function A = (Aij) ∈ Ω0(P ;M(k;R))SO(3),
denote by Aij;k the covariant derivative: (dHA)ij = (dA+ a
k[Yk, A])ij = Aij;ke
k.
We use the following formulas. The proof is straightforward.
Lemma 6.2. Let A = (Aij) ∈ Ω0(P ; Sym(3;R))SO(3). We have
dei = Tiαeˆ
α − ǫiαβaαeβ, dai = Ωiαeˆα − aˆi,
deˆi = ǫiαβTαβe
123 − ǫiαβaαeˆβ, daˆi = ǫiαβΩαγ eˆγaβ,
dAij = Aij;αe
α + (ǫαiβAβj + ǫαjβAβi)a
α
for i, j = 1, 2, 3.
By using (3.6)–(3.9) and Lemma 6.2, we obtain
Proposition 6.3. Let (e, a, S) be the triple corresponding to (ω, ψ). Then we
have
dω =
(
ǫjαβ((detS)
−
1
2 S˜iα);β − (detS)− 12 S˜iαTαj
)
aieˆj + (detS)−
1
2 S˜ijΩije
123 (6.1)
+ (detS)−
1
2 S˜ij aˆ
iej ,
d
(
1
2
ω ∧ ω
)
= − (Siα,α + ǫαβγSiαTβγ) aˆie123,
dψ = Tijaˆ
ieˆj − ǫiαβΩαβaie123,
dψ# = d
(
(detS)−
1
2
)
a123 + (detS)−
1
2Ωij aˆ
ieˆj (6.2)
− d
(
(detS)
1
2
)
akeˆk + (detS)
1
2 ǫiαβTαβa
ie123 − (detS) 12 aˆkeˆk.
Remark 6.4. The last terms in (6.1) and (6.2) are the only terms different from
Proposition 5.1 in the case of G = T3. The non-commutativity of SO(3) appears
at these points.
We have the following corollaries to Proposition 6.3.
Corollary 6.5. Let (e, a, S) be the triple corresponding to (ω, ψ).
(1) The SU(3)-structure (ω, ψ) is half-flat if and only if Tij = 0 and Sik;k = 0
for i, j = 1, 2, 3.
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(2) If dψ = dψ# = 0 holds, then the Riemannian metric on M given by the
solder 1-form e is constant negative curvature.
(3) The SU(3)-structure (ω, ψ) is not symplectic.
Remark 6.6. If dHe = Tij eˆ
jYi = 0, then the connection a is the Levi-Civita con-
nection of the solder 1-form e. Then the Bianchi identity [dHa ∧ e] = dHdHe = 0
holds. Thus Ωij = Ωji holds for i, j = 1, 2, 3. Also Ωij coincides with the orthonor-
mal representation of the Einstein-tensor of the Riemannian metric defined by the
local coframe {e1, e2, e3}.
Remark 6.7. The third statement of Corollary 6.5 is immediately derived from
the Liouville - Arnold theorem, which implies compact fibers of Lagrangian fibra-
tions of symplectic manifolds are tori.
6.2. Local structure of SO(3)-invariant G2-manifolds. In this subsection, we
prove that all torsion-free SO(3)-invariant Lag G2-structures are locally described
by orbits of constrained dynamical systems on the spaces of triples (e, a, S).
As have seen in Section 4, every coclosed SO(3)-invariant Lag G2-structure is
locally isomorphic to ω(t)∧f(t)dt+ψ(t) on P × (t1, t2), where (ω(t), ψ(t), f(t)) is
some one-parameter family of SO(3)-invariant sLag SU(3)-structures (ω, ψ) and
SO(3)-invariant positive functions f on some P , defined on some interval (t1, t2).
Let (e(t), a(t), S(t), f(t)) be a one-parameter family defined on an interval (t1, t2)
of the triples corresponding to (ω, ψ) and SO(3)-invariant positive functions f on
P . We use the notation in Subsection 6.1.
Proposition 6.8. The G2-structure ω(t)∧f(t)dt+ψ(t) is torsion-free if and only
if the one-parameter family (e(t), a(t), S(t).f(t)) satisfies the following equations:
Tij = 0, Siα;α = 0, d(f(detS)
−
1
2 ) = 0; (6.3)
∂ei
∂t
= f(detS)−
1
2 S˜ike
k, (6.4)
∂Sij
∂t
= −f(detS)− 12
(
tr(S˜)Sij − 2(detS)δij + Ωij
)
(6.5)
for i, j = 1, 2, 3.
Remark 6.9. Since dHe = Tij eˆ
jYi = 0, the behavior of a(t) is determined by
(6.4). See the lemma below.
Lemma 6.10. Suppose that dHe = 0,
∂ei
∂t
= pike
k and pij = pji for i, j = 1, 2, 3.
Then we have
∂ai
∂t
= −ǫiαβpjα;βej for i = 1, 2, 3.
Proof. We can prove this by direct calculation. See ([Chi19], Lemma 9). 
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Note that Lemma 5.6 and 5.7 hold by replacing the derivatives with covariant
derivatives.
Proof of Proposition 6.8. Most of the proof is the same as that of Proposition 5.5.
Set e˙i = pije
j and a˙i = qije
j for i = 1, 2, 3.
The G2-structure ω(t)∧f(t)dt+ψ(t) is torsion-free if and only if (ω(t), ψ(t), f(t))
satisfies the half-flat condition,
∂ψ
∂t
= d(fω) and
∂
∂t
(
1
2
ω∧ω) = d(fψ#) for each t.
Let us rewrite these conditions by the one-parameter family (e(t), a(t), S(t), f(t))
corresponding to (ω(t), ψ(t), f(t)).
By Corollary 6.5, the half-flat condition is equivalent to
Tij = 0 and Siα;α = 0 (6.6)
for i, j = 1, 2, 3.
Just as in the proof of Proposition 5.5, we have
∂ψ
∂t
= − (∂(det S)
∂t
+ (detS)pαα)e
123 + (δijqαα − qji)aieˆj + pij aˆiej , (6.7)
and
∂
∂t
(
1
2
ω ∧ ω
)
= −ǫiαβqαγSγβaie123 + (Siαpjα − Sijpαα − ∂Sij
∂t
)aˆieˆj . (6.8)
On the other hand, by Proposition 6.3, we have
d(fω) = f(detS)−
1
2 S˜αβΩαβe
123 (6.9)
+
(
ǫjαβ(f(detS)
−
1
2 S˜iα);β − f(detS)− 12 S˜iαTαj
)
aieˆj
+ f(detS)−
1
2 S˜ij aˆ
iej ,
and
d(fψ) =
(
(f(detS)
1
2 );i + f(detS)
1
2 ǫiαβTαβ
)
aie123 (6.10)
+ (f(detS)−
1
2Ωij − f(detS) 12 δij)aˆieˆj
− (f(detS)− 12 );ia123ei.
By (6.7) and (6.8),
∂ψ
∂t
= d(fω) is equivalent to the following:
∂(det S)
∂t
+ (detS)pαα = −f(det S)− 12 S˜αβΩαβ , (6.11)
δijqαα − qji = ǫjαβ(f(detS)− 12 S˜iα);β − f(detS)− 12 S˜iαTαj , (6.12)
pij = f(detS)
−
1
2 S˜ij (6.13)
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for i, j = 1, 2, 3. Assuming T = 0 combined with S = tS, in the same way as
(5.13), (6.12) is equivalent to
qij = −ǫiαβ(f(detS)− 12 S˜jα);β (6.14)
= −ǫiαβf;β(detS)− 12 S˜jα − fCij.
By (6.8) and (6.10),
∂
∂t
(
1
2
ω ∧ ω) = d(fψ#) is equivalent to the following:
− ǫiαβqαγSγβ = (f(detS) 12 );i + f(detS) 12 ǫiαβTαβ , (6.15)
Siαpjα − Sijpαα − ∂Sij
∂t
= f(detS)−
1
2Ωij − f(detS) 12 δij , (6.16)
(f(detS)−
1
2 );i = 0 (6.17)
for i, j = 1, 2, 3. By (6.14), Lemma 5.7 and the assumption of T = 0, we see
that (6.15) is equivalent to (6.17). Also by Lemma 5.6, (6.11) follows from (6.16).
Thus, using Lemma 6.10 and summarizing (6.6), (6.13), (6.14), (6.16) and (6.17),
we obtain the conditions in Proposition 6.8. 
Now we can immediately prove Theorem 1.4 and 1.6.
Proof of Theorem 1.4 and 1.6. By setting f = (detS)
1
2 in Proposition 6.8, we
obtain Theorem 1.4. Moreover, by scaling of the parameter t, we can deduce
Theorem 1.6 from Proposition 4.3 and 6.8. 
Remark 6.11. By Lemma 6.10, we can see that if triples (e(t), a(t), S(t)) develope
along the equations in Theorem 1.4, then we have
∂a
∂t
= −ǫiαβS˜iα;βej for i = 1, 2, 3.
Remark 6.12. The equations of motion preserve the constraint conditions in
Theorem 1.4. This is proved by direct calculation in ([Chi19], Proposition 7).
In the paper, we also gave a Hamiltonian formulation of Theorem 1.4 and some
observations on Bryant-Salamon’s examples [BS89].
Example 6.13. Let M = SU(2), i.e., P = M × SO(3). Fix a global section
of P , and by the pull-back, regard a triple (e(t), a(t), S(t)) in Theorem 1.4 as 1-
forms and functions on M . Assume (e(t), a(t), S(t)) is left-invariant for the group
structure on M . The equations in Theorem 1.4 are reduced to the following
ordinary differential system. This situation is contained in that of [MS13]. Let
θ1, θ2, θ3 be left-invariant 1-forms on M satisfying dθi = −θˆi for i = 1, 2, 3. Using
A(t) = (A(t)ij), B(t) = (B(t)ij) and C(t) = (C(t)ij) ∈ M(3;R), put ei = Aijej ,
ai = Bije
j and dei = Cij eˆ
j for i = 1, 2, 3. Then C = − det(A) · A · tA, and by
simple computation, we can see that (1.4) in Theorem 1.4 is equivalent to the
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following:
dA
dt
= S˜A and
dS
dt
= −tr(S˜) · S + 2(detS) · I − C2 − C˜ + 1
4
(tr(C))2 · I.
(6.18)
Here by the Levi-Civita condition, B = C−(1/2)tr(C)·I. Moreover, the condition
Sij;j = 0, for i = 1, 2, 3, is equivalent to [S,B]=0, and this is preserved by solutions
of (6.18).
Example 6.14. LetM = R3, i.e., P = R3×SO(3). Take 1-forms θ1 = dr, θ2 = dρ
and θ3 = sin(ρ)dξ on R3 \{0}, where (r, ρ, ξ) is the polar coordinate on R3. Using
positive functions f(r, t), g(r, t), k(r, t), l(r, t) for r and t, put (e(t)1, e(t)2, e(t)3) =
(f(r, t)θ1, g(r, t)θ2, g(r, t)θ3) and S = ((k(r, t), 0, 0), (0, l(r, t), 0), (0, 0, l(r, t))). Then
(1.3) and (1.4) in Theorem 1.4 are equivalent to the following:
∂f
∂t
= fl2 and
∂k
∂t
= kl2 − 2k2l − ( 1
fg
· ∂g
∂r
)2 +
1
g2
,
∂g
∂t
= gkl and
∂l
∂t
= −l3 − 1
f 2g
· ∂
2g
∂r2
+
1
f 3g
· ∂f
∂r
· ∂g
∂r
,
∂k
∂r
− 2
g
· ∂g
∂r
· (l − k) = 0.
The last condition is preserved by solutions of the above four equations. Then
the trivial solutions corresponding to flat metrics are the following:
f(r, t) = α(2t+ β)
1
2 , g(r, t) = α(2t+ β)
1
2 r, l(r, t)2 = k(r, t)2 = (2t + β)−1,
where α, β ∈ R.
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